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We generalize the topological model recently proposed and investigate the cosmological
perturbations of the model. The model has an exact de Sitter background solution associ-
ated with a Becchi-Rouet-Stora(BRS) quartet terms which are regarded as a Lagrangian
density of the topological field theory. The de Sitter solution can be selected without
spontaneously breaking the BRS symmetry, and be interpreted as a gauge fixing of de
Sitter spacetime. The BRS symmetry is preserved for the perturbations around the de
Sitter background before we solve the constraints of general relativity. We derive action
to the second order of the perturbations and confirm that even after solving the con-
straints, we have the BRS symmetry at least for the second order action. We construct
the cosmological perturbation theory involving the BRS sector, and obtain the two point
correlation functions for the curvature perturbation and the isocurvature perturbations
which compose the BRS sector. Our result gives a new description for de Sitter spacetime
and the quantum field theory in de Sitter spacetime.
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1. Introduction
It has been confirmed by several astronomical observations1–5 that the universe is
currently accelerating driven by an unknown energy, called the dark energy. Among
the candidates of dark energy, the cosmological constant is the oldest and probably
the most accepted candidate, although it has some serious problems about natu-
ralness.6, 7 Especially, to explain the present cosmic acceleration, the energy scale
of the cosmological constant must be fine tuned to be extremely smaller than any
typical energy scale of the vacuum energy expected from the quantum field theory
including the gravity. However, there is no convinced reason for the smallness of the
cosmological constant in the quantum field theory.
To tackle this fine-tuning problem, the models called unimodular gravity8–13 and
the models which have “sequestering” mechanism14–16 were suggested. These models
1
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can sequester the cosmological constant or the vacuum energy from the evolution of
the universe by imposing constraints on the measure or the cosmological constant.
Motivated by the unimodular gravity, the topological model was proposed re-
cently.17 This model has the Einstein-Hilbert term with a cosmological constant,
and a vanishing Lagrangian density for the scalar field φ, Lφ = 0, so that the theory
trivially has a “gauge symmetry” under any transformations for φ. As gauge fixing
terms, the Becchi-Rouet-Stora(BRS) quartet terms were introduced. By redefinition
of one of the scalar fields in the BRS sector, it is argued that we could sequester
the cosmological constant from the evolution of the universe. Surprisingly, although
the BRS sector is the unphysical mode which can not be observed, one of the scalar
fields in the BRS sector can have nonzero background value in the de Sitter(dS)
spacetime. We could interpret the model as a topological field theory,18 where the
Lagrangian density is given by the BRS exact form.a
In this work, we generalize the topological model so as to have a generic po-
tential of a scalar field λ, which is one of the BRS sector, and derive a dS solution
for the model. We give an interpretation to the dS solution and the sequester-
ing of cosmological constant by considering a Ward-Takahashi(WT) identity. Then,
we investigate perturbations around the dS background in the topological model,
and aim to construct the cosmological perturbation theory20 using the BRS sector.
The perturbations in the topological model have not been studied yet, and it is
quite nontrivial to study how they behave around the dS background. As a major
premise, we must keep the BRS symmetry also for the perturbations without the
spontaneous symmetry breaking so as to eliminate the negative norm states from
the physical Fock space of the theory. Unlike the Minkowski spacetime, however,
the perturbations around the dS background interact nonlinearly with the gravity
sector which posesses constraints. It is uncertain whether we have the BRS sym-
metry for the perturbations after taking the dS background and dealing with the
gravitational constraints. Moreover, even if we can preserve the BRS symmetry for
the perturbations, it is obscure whether we can have any dynamical perturbation
for the BRS sector. The original theory is given by Lφ = 0, so we have the graviton
only without adding the BRS sector. Would this situation be changed if we add the
BRS quartet terms and expand them around the dS background solution? These
questions motivate us to investigate the BRS symmetry for the perturbations and
the field theory around the dS background.
This article is organized as follows. After we shortly review the topological model
in the next section, we generalize the model and derive the dS background solution
in section 3. In section 4, we analyze the perturbations around the dS background
and discuss about the BRS symmetry for the perturbations. We will naturally as-
sume that we can preserve the BRS symmetry for the perturbations regardless of
the gravitational constraints. We also derive the second order action for the pertur-
bations. Under the assumption that we can preserve the BRS symmetry, in section
aThere are other models of the topological field theory in the context of the induced gravity.19
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5, we construct the cosmological perturbation theory and calculate the two point
functions of curvature and isocurvature perturbations caused by the linear pertur-
bations in the BRS sector. Section 6 is devoted to conclusion.
2. Topological model
We review the topological model proposed in Ref. 17. We begin with the following
action
S =
∫
d4x
√−g
[
M2Pl
2
R − Λ− λ (µ3 +φ)]+ Sm[gµν ,Ψ] , (1)
where MPl is the Planck mass, R is the Ricci scalar, ∇µ is the covariant derivative
compatible with gµν ,  ≡ gµν∇µ∇ν , µ is a parameter which has the mass dimension
1 and Λ is the cosmological constant. λ and φ are scalar fieldsb, and Sm is the action
for ordinary matters Ψ such as the Standard Model particles. If we redefine the field
λ as λ→ λ− Λµ3 , we can eliminate the cosmological constant as a total derivative
S =
∫
d4x
√−g
[
M2Pl
2
R− λ (µ3 +φ)]+ Λ
µ3
∫
d4x
√−gφ+ Sm[gµν ,Ψ] . (2)
Hence, in Ref. 17, it is argued that we could drop the cosmological constant from
the action and the evolution of the universe. We ignore the total derivative term
and use the redefined scalar field λ hereafter.
In the action (2), both of the scalar fields are dynamical, but contain a ghost
field. In fact, if we change the dynamical variables as
λ =
1√
2
(α− β) , φ = 1√
2
(α+ β) , (3)
we obtain
S =
∫
d4x
√−g
[
M2Pl
2
R− 1
2
gµν∂µα∂να+
1
2
gµν∂µβ∂νβ − µ
3
√
2
(α− β)
]
+Sm[gµν ,Ψ] .
(4)
The field β is a ghost since its kinetic term has the wrong sign and creates negative
norm states when it is quantized.
To avoid the negative norm states, we add Grassmann odd ghosts b and c to the
action (2) as
S =
∫
d4x
√−g
[
M2Pl
2
R− λ (µ3 +φ)− ibc]+ Sm[gµν ,Ψ]
=
∫
d4x
√−g
[
M2Pl
2
R− µ3λ+ gµν∂µλ∂νφ+ igµν∂µb∂νc
]
+ Sm[gµν ,Ψ] (5)
bWe rescale the scalar field λ compared with Ref. 17 so that we can define the action (1) if µ = 0.
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We note that the ghosts b and c are scalar fields, but obey the Fermi-Dirac statistics
when they are quantizedc. We define a BRS transformation
δBλ = δBc = 0, δBφ = ǫc, δBb = iǫ
(
λ− Λ
µ3
)
, (6)
where ǫ is a Grassmann odd parameter. By removing the parameter ǫ from the
transformation as δB = ǫδB, we can define the deformed BRS operator δB. δB
satisfies nilpotency, δ2B = 0, and does not act on gravity and ordinary matter sectors,
δBgµν = δBΨ = 0. The action (5) is invariant under the BRS transformation by δB.
Thus, the scalar fields λ, φ, b and c compose the BRS quartet. Defining physical
states as the states invariant under the BRS transformation, we could remove the
negative norm states by Kugo-Ojima’s quartet mechanism as in the Yang-Mills
gauge theory.21, 22
The Lagrangian density of scalar fields
L = √−g (−µ3λ+ gµν∂µλ∂νφ+ igµν∂µb∂νc) (7)
can be written as a BRS exact form up to total derivative terms
L =− iδB
{
b
√−g (−µ3 −φ)} (8)
+ total derivative terms .
If we ignore the total derivative terms, we can regard the theory as a topological
field theory18 where the Lagrangian density is BRS exact. Let us consider a field
theory of φ, and give a vanishing Lagrangian density, Lφ = 0. The theory is trivially
invariant under any transformation of φ, and therefore, it can be regarded as a gauge
theory. To fix the gauge, we add a gauge fixing term
L = −iδB(b F [λ, φ, b, c, gµν,Ψ]) , (9)
where F is a gauge fixing function whose ghost number must be zero. If we choose
the gauge fixing function F as that in (8), we obtain the Lagrangian density (7) as
the BRS quartet terms with Lφ = 0.
Unfortunately, when µ = 0, we cannot define the BRS transformation (6) and
the theory as well. In the next section, we propose a new model with a generic
potential of λ, and provide an example which is well-defined anytime.
3. Topological model with a generic potential of λ
We propose a new topological model by giving another gauge fixing function F
which creates a generic potential of λ. If we consider other gauge fixing functions
which create more general Lagrangians, we obtain complicated interaction terms
in the action, and it becomes difficult to solve the motions of fields. On the other
hand, we can solve them relatively easily if we generalize the potential of λ only.
cWe add a factor i to the ghost term which was not given in Ref. 17 to set anti-commutation
relations in the usual way.21, 22
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The obtained model have a de Sitter solution. Then, we give an interpretation of
the de Sitter solution of the model.
3.1. Eliminating Λ by a generic potential of λ
We consider the following action and gauge fixing function
S =
∫
d4x
{√−g(M2Pl
2
R− Λ
)
− iδB(b F [λ, φ, b, c, gµν ,Ψ])
}
+ Sm[gµν ,Ψ] ,
F =
√−g(−φ− V (λ)) , (10)
where V (λ) is a general function of λ. We define the BRS transformation as
δBλ = δBc = 0, δBφ = c, δBb = i(λ−M(Λ)) , (11)
where M(Λ) is a smooth function of Λ for Λ ≥ 0. We assume that there exists a
function N(Λ) which satisfies
MN = NM = Λ . (12)
We set the function V (λ) as
V = v(λ) +N(Λ) , (13)
where v(λ) is a smooth function of λ. Then, we get the action in which the cosmo-
logical constant Λ is eliminated
S =
∫
d4x
√−g
[
M2Pl
2
R− U(λ) + gµν∂µλ∂νφ+ igµν∂µb∂νc
]
+ Sm[gµν ,Ψ],(14)
U(λ) = (λ−M)v +Nλ . (15)
The potential U(λ) is a smooth function of λ since v(λ) is a smooth function of λ.
In general, Λ will appear in the action not as a constant but as coefficients in the
potential. Choosing M = Λ/µ3 and V = µ3, we get the model in the last section.
If we give the following M , N and v
M = 4
√
Λ, N = 4
√
Λ3,
v = λ3 + 4
√
Λλ2 +
√
Λλ , (16)
we obtain a potential without coefficients
U = λ4 . (17)
In this example, we can define the BRS transformation (11) as long as Λ ≥ 0, and
eliminate Λ completely from the action anytime.
The action (14) is invariant under the BRS transformation (11). The correspond-
ing conserved charge is given by
QB =
∫
d3x
√−gg0µ {∂µλc− ∂µc(λ−M)} . (18)
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The action is also invariant under the scale transformation c→ eρc, b→ e−ρb where
ρ is an arbitrary real number. The corresponding conserved charge
Qc = −i
∫
d3x
√−gg0µ (b ∂µc− ∂µb c) (19)
assigns the ghost number 1 for c and −1 for b. Defining the physical states using
the BRS charge (18) as
QB |phys〉 = 0 , (20)
we could remove the negative norm states from the model by the quartet mechanism.
3.2. de Sitter solution and its interpretation
We investigate a cosmological background solution for the action (14). Hereafter,
we ignore the matter action Sm for simplicity. We assume the flat Friedmann-
Robertson-Walker(FRW) metric
ds2 = −dt2 + a2(t)dx2 , (21)
and homogeneous background fields φ = φ¯(t), λ = λ¯(t). We set the background
values for the fields b and c to be zero since they have ghost numbers.
The Einstein equations for the backgrounds are
3M2PlH
2 = U(λ¯)− ˙¯λ ˙¯φ , (22)
−M2Pl(3H2 + 2H˙) = −U(λ¯)− ˙¯λ ˙¯φ , (23)
where the dot denotes the derivative with respect to the time t and H ≡ a˙/a is the
Hubble parameter. The field equations for λ¯ and φ¯ are
¨¯λ+ 3H ˙¯λ = 0 , (24)
¨¯φ+ 3H ˙¯φ− u1 = 0, u1 ≡ dU
dλ
∣∣∣∣
λ=λ¯
. (25)
The general solution for λ¯ is given by
λ¯ = C0 + C1
∫
dt
a3(t)
, (26)
where C0 and C1 are the constants of integration. To preserve the BRS symmetry,
however, we must determine the background value of λ by the following Ward-
Takahashi(WT) identityd
0 = 〈0|{iQB, b}|0〉 = i 〈0|(λ−M(Λ))|0〉 ,
λ¯ = 〈0|λ|0〉 =M(Λ) , (27)
where {, } is an anti-commutator. We used the condition (20) for the vacuum state
|0〉 since it is included in the physical states. This identity is consistent with the
dThis point was missed in Ref. 17, and we take it into account for the first time.
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general solution (26). If we choose λ¯ 6=M(Λ), the BRS symmetry is spontaneously
broken and the BRS charge (18) would not be well-defined. In this case, the unitarity
would be violated since the quartet mechanism does not work. Therefore, we allow
the solution λ¯ =M(Λ) only. Then, the potential U becomes
U(λ¯ =M) = Λ , (28)
and if Λ > 0, the system has an exact dS solution
λ¯ =M(Λ),
φ¯ = φ0 + φ1e
−3Ht +
u1
3H
t ,
H2 =
U(λ¯ =M)
3M2Pl
=
Λ
3M2Pl
, a = eHt , (29)
where φ0 and φ1 are the constants of integration. u1 becomes a constant since λ¯ is
forced to be M(Λ). If we take λ¯ 6=M(Λ) or choose v as is satisfied with v(M) =∞,
we get U 6= Λ and have a vacuum energy from the potential even if Λ = 0. We must
prohibit, however, such a solution since it breaks the BRS symmetry and thus the
unitarity or makes the gauge fixing function singular.
The solution (29) indicates that the BRS sector gives us a new description
for dS spacetime. Adding the BRS sector as we did, we have the dS spacetime
sustained by not the cosmological constant but the potential energy provided by
the vacuum expectation value of λ. The energy scale of dS spacetime is, however,
exactly the same as the original cosmological constant, and we can never have
any other scales because of the WT identity (27). In the model, the fine-tuning
problems of the cosmological constant are replaced with the fine-tuning for the
renormalization of the vacuum expectation value of λ. Therefore, although the BRS
sector can eliminate the cosmological constant from the action, it does not eliminate
Λ from the evolution of the universe but just gives another point of view for de Sitter
spacetime. In other words, this is the gauge fixing of dS spacetime by the specific
BRS sector. As we will see in the following section, the BRS sector gives a new
description also for the quantum field theory in dS spacetime.
Although the BRS sector is excluded from the physical states by Eq. (20), the
field φ has the non-trivial vacuum expectation value regardless of the value ofM(Λ)
to realize the dS spacetime. From Eq. (22), however, the evolution of φ¯ does not
affect the background evolution of the universe as long as the WT identity (27)
is hold. Hence, we can never observe the background φ¯ and the unitarity can be
preserved at background level.
To investigate the stability of the solution, we consider a small perturbation ξ(t)
around the background solution for φ¯(t)
φ¯(t) = φ0 + φ1e
−3Ht +
u1
3H
t+ ξ(t) . (30)
We do not need to consider the small perturbations for λ¯ and a(t) since λ¯ is fixed
to be M(Λ) by the WT identity and a(t) is not an independent degree of freedom
September 20, 2018 15:40 WSPC/INSTRUCTION FILE 170407
8 Rio Saitou, Yungui Gong
of the system. Using Eq. (25), we obtain the evolution equation for ξ(t)
ξ¨ + 3Hξ˙ = 0 , (31)
and its solution
ξ = ξ0 + ξ1exp(−3Ht) , (32)
where ξ0 and ξ1 are the constants of integration. The small perturbation ξ does not
grow, and thus the background solution (29) is stable.
4. Perturbations around the de Sitter background
In the last section, we found that the BRS sector, especially the vacuum expecta-
tion value of λ, gives the new description for de Sitter spacetime. Then, how do
perturbations of the BRS sector behave in the de Sitter background? In this sec-
tion, we consider the perturbations of the BRS and gravity sectors around the dS
background. We first confirm that we have the BRS symmetry even to the per-
turbations around the dS background. If we do not have the BRS symmetry to
the perturbations around the dS background, the BRS symmetry is spontaneously
broken. Such a situation should not occur since we select the background solution
which is required by the WT identity (27).
We expand the BRS sector around the dS background and define the perturba-
tions as
λ = λ¯+ δλ, φ = φ¯+ δφ, b = δb, c = δc . (33)
The perturbations interact with the gravity sector nonlinearly. The background
fields λ¯ and φ¯ are just c-numbers, so that they are invariant under the BRS trans-
formation: δBλ¯ = δBφ¯ = 0. Then, from Eq. (6), we obtain the BRS transformation
for the perturbations as
δBδλ = δBδc = 0, δBδφ = δc, δBδb = iδλ . (34)
The action expanded around the dS background is given by
S =
∫
d4x
√−g
[
M2Pl
2
R− U(λ¯+ δλ) + ˙¯φg0µ∂µδλ+ gµν∂µδλ∂νδφ+ igµν∂µδb∂νδc
]
.
(35)
The tadpoles will vanish by the background equations (22)-(25). The Lagrangian
density is invariant under the BRS transformation (34)
δBL =
√−g {gµν∂µδλ∂νδc− gµν∂µδλ∂νδc} = 0 , (36)
hence we have the BRS symmetry even to the perturbations around the dS
background. In addition, we have the symmetry under the scale transformation
δc→ eρδc, δb→ e−ρδb. The corresponding charges of these symmetries are
QB =
∫
d3x
√−gg0µ (∂µδλδc− ∂µδc δλ) , (37)
Qc = −i
∫
d3x
√−gg0µ (δb ∂µδc− ∂µδb δc) , (38)
September 20, 2018 15:40 WSPC/INSTRUCTION FILE 170407
de Sitter spacetime with a Becchi-Rouet-Stora quartet 9
and the charge Qc assigns the ghost number 1 for δc and −1 for δb. These two
charges coincide with the charges (18) and (19) expanded around the dS background.
Thus, the BRS symmetry for the perturbations is intrinsically equivalent to the
original BRS symmetry. We note that we have the BRS symmetry before solving
the constraints of the gravity sector, but we are not sure if we have the same
BRS symmetry after solving the constraints. As for this point, if we deal with the
constraints by adding another set of BRS quartet terms for the gravity sector,23 we
can preserve the BRS symmetry for (δφ, δλ, δb, δc) sector. On the other hand, as
in the cosmological perturbation theory, if we directly solve the constraints of the
gravity sector, it is obscure whether we can preserve the BRS symmetry. The BRS
symmetry for (δφ, δλ, δb, δc) sector, however, should not be affected by how to deal
with the constraints of the gravity sector. Therefore, it is plausible to assume that
we can preserve the BRS symmetry even if we solve the constraints directly. Under
this assumption, we will have the BRS charge QDB where the subscript D implies the
charge is obtained by solving the constraints directly. Defining the physical states
as
QDB |phys〉 = 0 , (39)
we could exclude the negative norm states by the quartet mechanism, and we could
safely construct the perturbation theory around the dS background as in the cos-
mological perturbation theory. Indeed, as we will show below, at least for the linear
perturbations, we have the BRS symmetry after solving the constraints directly.
From now on, we concentrate on the linear perturbations and derive the second-
order action. At the linear level, it is enough to consider only the scalar perturbations
since the BRS sector consists of only the scalar perturbations and decouples from
the vector and tensor perturbations of the gravity sector. As for the gravity sector,
we thus consider only the scalar perturbations and take the Newtonian gauge20
ds2 = −(1 + 2A)dt2 + a2(1− 2ψ)dx2 . (40)
We define the linear perturbations of the BRS sector as similarly as in (33), but we
ignore the nonlinear interaction with the gravity in the linear analysis. We expand
the potential U up to the second order of perturbation as
U(λ¯+ δλ) = u1δλ+ u2δλ
2 , (41)
where u1 was defined in (25) and u2 ≡ 12 d
2U
dλ2
∣∣∣
λ=M
. The full second-order action in
the Newtonian gauge is derived straightforwardly as
S
(S)
2 =
∫
dtd3xa3
[
3M2Pl(−ψ˙2 − 2HAψ˙ −H2A2) +M2Pla−2(ψ2,i + 2A∂2ψ)
+ ˙¯φ(A+ 3ψ) ˙δλ− u1(A− 3ψ)δλ− u2δλ2
−
(
˙δλ ˙δφ− a−2δλ,iδφ,i
)
− i
(
δ˙bδ˙c− a−2δb,iδc,i
)]
, (42)
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where the Latin indices denote the spatial derivatives and ∂2 ≡ ∂i∂i. The Newtonian
potential A is an auxiliary field, and its equation of motion yields the Hamiltonian
constraint
A = − ψ˙
H
+
a−2∂2ψ
3H2
+
˙¯φ
6M2PlH
2
˙δλ− u1
6M2PlH
2
δλ . (43)
We define the gauge invariant Mukhanov-Sasaki variable,24, 25
δ˜φ = δφ+
˙¯φ
H
ψ . (44)
The other scalar perturbations of the BRS sector are gauge invariant in themselves
since all the time derivatives of their background fields vanish. Using the constraint
(43) and the new variable (44), the action (42) is reduced to
S
(S)
2 =
∫
dtd3xa3
[
M2Pla
−4
3H2
(∂2ψ)2 +
a−2
H
(
˙¯φ− u1
3H
)
δλ∂2ψ +
a−2 ˙¯φ
3H2
˙δλ∂2ψ
+
1
M2Pl
(
˙¯φ2
12H2
˙δλ
2
+
u21
6H2
δλ2
)
− u2δλ2
−
(
˙δλ
˙˜
δφ− a−2δλ,iδ˜φ,i
)
− i
(
δ˙bδ˙c− a−2δb,iδc,i
)]
. (45)
The curvature perturbation ψ also becomes an auxiliary field, so that its equation
of motion yields another constraint
∂2ψ =
a2
2M2Pl
(
(u1 − 3H ˙¯φ)δλ− ˙¯φ ˙δλ
)
. (46)
Using the constraint (46) and the background solution of φ¯ in (29), we obtain the
second-order action for the dynamical fields
S
(S)
2 =
∫
dtd3xa3
[
−
(
˙δλ
˙˜
δφ− a−2δλ,iδ˜φ,i
)
− i
(
δ˙bδ˙c− a−2δb,iδc,i
)
+
(
u21
6M2PlH
2
− u2 − 27H
2
2M2Pl
φ21a
−6
)
δλ2
]
. (47)
This action is gauge invariant although we started from the Newtonian gauge, and
corresponds to the result in Ref. 31 when taking the flat gauge ψ = 0. The BRS
transformation for the linear perturbations is given as the same as (34). The cur-
vature perturbation is invariant under the BRS transformation, δBψ = 0, so that
δB δ˜φ = δBδc. Then, we easily find the action (47) is invariant under the BRS
transformation
δBS
(S)
2 =
∫
dtd3xa3
[
−
(
˙δλδ˙c− a−2δλ,iδc,i
)
+
(
˙δλδ˙c− a−2δλ,iδc,i
)]
= 0 . (48)
Therefore, at least to the linear perturbation, we actually have the BRS symmetry
after solving constraints.
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5. Quantum fluctuations
In this section, we consider the quantization of the linear perturbations and cal-
culate the two point functions of them following the usual method of cosmological
perturbation theory.
5.1. Quantization of linear perturbations
We introduce new variables
uλ = aδλ, uφ = aδ˜φ, ub = aδb, uc = aδc , (49)
and the conformal time
η =
∫ t dt′
a
. (50)
Using them, we can rewrite the action (47) as
S
(S)
2 =
∫
dηd3xL(S)2
=
∫
dηd3x
[
−
(
u′λu
′
φ − uλ,iuφ,i +
a′′
a
uλuφ
)
− i
(
u′bu
′
c − ub,iuc,i +
a′′
a
ubuc
)
+
{(
u21
6M2PlH
2
− u2
)
a2 − 27H
2
2M2Pl
φ21a
−4
}
u2λ
]
, (51)
where the prime denotes the derivative with respect to the conformal time η. The
BRS transformations (34) for the new variables become
δBuλ = δBuc = 0, δBuφ = uc, δBub = iuλ . (52)
The conjugate momenta are given by
πλ = ∂L(S)2 /∂u′λ = −u′φ ,
πφ = ∂L(S)2 /∂u′φ = −u′λ ,
πb = ∂L(S)2 /∂u′b = iu′c ,
πc = ∂L(S)2 /∂u′c = −iu′b . (53)
We used the right-hand derivative defined as follows
∂(AB)/∂θ = A(∂B/∂θ) + (−)|B|(∂A/∂θ)B , (54)
where θ is a Grassmann number and |B| is the statistical index of B. We perform
the canonical quantization in the usual way
[uλ(x, η), πλ(y, η)] = iδ
3(x− y) ,
[uφ(x, η), πφ(y, η)] = iδ
3(x− y) ,
{ub(x, η), πb(y, η)} = iδ3(x− y) ,
{uc(x, η), πc(y, η)} = iδ3(x− y) , (55)
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where [, ] is a commutator. Conserved charges corresponding to the BRS symmetry
and the scale transformation uc → eρuc, ub → e−ρub are respectively given by
δQB =
∫
d3x(−u′λuc + u′cuλ) =
∫
d3x(πφuc − iπbuλ) , (56)
δQc = i
∫
d3x(ubu
′
c − u′buc) =
∫
d3x(ubπb + πcuc) . (57)
We can easily check that δQB is the generator of the BRS transformation (52), and
δQc assigns the ghost number 1 for uc and −1 for ub. In the last section, we assume
that we have the BRS symmetry and the corresponding charge QDB even if we solve
the gravity constraints directly. We can interpret the charge δQB as the asymptotic
part of the charge QDB apart from the renormalization constant. The fields uφ and
uI behave as the asymptotic fields apart from the renormalization constant. Thus,
we obtain the following relations
[iQDB , uφ] = [iδQB, uφ] = uc ,
[iQDB , uλ] = [iδQB, uλ] = 0 ,
{iQDB , ub} = {iδQB, ub} = iuλ ,
{iQDB , uc} = {iδQB, uc} = 0 . (58)
See Appendix for the proof of these relations.
Then, we expand the linear perturbations by using creation and annihilation
operators, and investigate the metric matrix of the Fock space of the linear pertur-
bations. The equations of motion for the linear perturbations are derived from (51)
as (
∂2η − ∂2 +
a′′
a
)
uI(x) = 0, I = (λ, b, c) , (59)(
∂2η − ∂2 +
a′′
a
)
uφ(x) = −ruλ(x) ,
r ≡
(
u21
3M2PlH
2
− 2u2
)
a2 − 27H
2
M2Pl
φ21a
−4 , (60)
where ∂2η ≡ ∂2/∂η2. The fields uI(x) satisfy the equations of motion for free scalar
fields, so we can expand them in a usual way using the creation and annihilation
operators I
(†)
k as
uI(x) =
∫
d3k
(2π)3/2
{
Ikfk(η)e
ik·x + I†kf
∗
k (η)e
−ik·x
}
, k ≡ |k| , (61)
where fk(η) is the mode function for uI(x). The mode function satisfies
f ′′k +
(
k2 − 2
η2
)
fk = 0 . (62)
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Demanding that the solution on small scales behaves like the Minkowski vacuum,
we obtain the solution for the positive frequency modes26
fk(η) =
1√
2k
(
1− i
kη
)
e−ikη , (63)
and its complex conjugate for the negative frequency modes as the other solution.
Note that for the normalization of (anti-)commutation relations of I
(†)
k , we imposed
the following condition
fkf
∗′
k − f ′kf∗k = i . (64)
On the other hand, the field uφ(x) are satisfied with the linear differential equation
with a source. Performing the Fourier transformation
uφ(x) =
∫
d3k
(2π)3/2
uˆφk(η)e
ik·x , (65)
we obtain the linear differential equation for uˆφk
uˆ′′φk +
(
k2 − 2
η2
)
uˆφk = −r(λkfk + λ†-kf∗k ) . (66)
For the homogeneous equation
uˆ
(0)′′
φk +
(
k2 − 2
η2
)
uˆ
(0)
φk = 0 , (67)
we obtain the solution
uˆ
(0)
φk = φkfk + φ
†
-k
f∗k , (68)
where φk and φ
†
-k are the creation and annihilation operators for the field φ. A
special solution to Eq. (66) is given by
uˆ
(s)
φk = fk
∫ −Rf∗k
W
dη + f∗k
∫
Rfk
W
dη, R ≡ −r(λkfk + λ†-kf∗k ) , (69)
where the Wronskian W is W = fkf
∗′
k − f ′kf∗k = i. The special solution can be
decomposed as
uˆ
(s)
φk = λkPk(η) + λ
†
-kP
∗
k (η) , (70)
Pk(η) = −i
(
fk
∫
r|fk|2dη − f∗k
∫
rf2kdη
)
.
The complete solution to Eq. (66) is given by the sum of the homogeneous solution
and the special solution uˆφk = uˆ
(0)
φk + uˆ
(s)
φk , so the field uφ(x) expands as
uφ(x) =
∫
d3k
(2π)3/2
{
(φkfk + λkPk) e
ik·x +
(
φ†kf
∗
k + λ
†
kP
∗
k
)
e−ik·x
}
. (71)
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We get the following relations for the creation operators
Ik = i
∫
d3x
(2π)3/2
e−ik·x(f∗ku
′
I(x) − f∗
′
k uI(x)) , (72)
φk = i
∫
d3x
(2π)3/2
e−ik·x(f∗ku
′
φ(x) − f∗
′
k uφ(x))
− i
{
λk(f
∗
kP
′
k − f∗
′
k Pk) + λ
†
-k(f
∗
kP
∗′
k − f∗
′
k P
∗
k )
}
. (73)
Using (72), (73) and the (anti-)commutation relations (55), we obtain the (anti-
)commutation relations for the creation and annihilation operators
[φk, φ
†
q] = [φk, φq] = 0 ,
[φk, λ
†
q] = [λk, φ
†
q] = −δ3(k− q) ,
{bk, c†q} = −{ck, b†q} = −iδ3(k − q) , (74)
and all the other (anti-)commutation relations become zero. The metric matrix of
the Fock space is
ηkq =

φ†q λ
†
q b
†
q c
†
q
φk 0 −δkq 0 0
λk −δkq 0 0 0
bk 0 0 0 −iδkq
ck 0 0 iδ
3
kq 0
, δkq ≡ δ3(k − q) . (75)
From the structure of metric matrix, we find that there exist the negative norm
states in the Fock space. However, defining the physical states by Eq. (39), we
could exclude the negative norm states from the physical Fock space by the quartet
mechanism.
5.2. Two point correlators
Next, we consider the two point correlators of the linear perturbations. We introduce
the following perturbations27
R ≡ H
˙¯φ
δ˜φ, SI ≡ H˙¯φ
δI, I = (λ, b, c) , (76)
and calculate the two point correlators of them. R is the gauge invariant curvature
perturbation or the adiabatic perturbation since φ is the adiabatic field.29 The other
modes SI are regarded as the isocurvature perturbations. We define the two point
correlation function in the Fourier space as
〈0|X(x, t)Y (y, t)|0〉 ≡
∫
d3k
(2π)3
2π2
k3
CXY eik·(x−y) , (77)
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where X and Y are arbitrary fields. We are interested in the two point correlators
of the linear perturbations, so we identify the vacuum state |0〉 as the free vacuum.
Using Eqs. (71) and (75), we obtain
Cuφuφ = −
k3
2π2
(f∗kPk + fkP
∗
k ) = −
k3
2π2
2Im
(
f2k
∫
rf∗2k dη
)
,
Im
(
f2k
∫
rf∗2k dη
)
=
1
4k3H2η2
[(
u21
3M2PlH
2
− 2u2
)(
2
3
cos(2kη)ln|η|+ C
)
−27 · 7H
2
4M2Pl
φ21
(
H
k
)6
+O(kη)
]
, (78)
where C is the constant of integration and O(kη) is the contribution from sub
horizon scales which can be ignored on super horizon scales. Then, we obtain the
power spectrum of R,
PR ≡ CRR =
(
H
a ˙¯φ
)2
Cuφuφ
=
H2
2π2(u1 − 9H2φ1e−3Ht)2
{(
u21
M2Pl
− 6H2u2
)
(Ht+ C)
+
27 · 63
8
H4φ21
M2Pl
(
H
k
)6
+O(kη)
}
, (79)
where we suitably redefined the constant of integration C. On the other hand, since
all the diagonal parts of the metric matrix (75) are zero, the power spectra of
isocurvature perturbations vanish on all scales
PSI ≡ CSISI ∝
∫
d3q
〈
0|IkI†q|0
〉
= 0 . (80)
The nonzero cross correlations are given by
C
δ˜φδλ
= i Cδcδb = − k
3
2π2
∣∣∣∣fka
∣∣∣∣2 = −(H2π
)2
+O((kη)2) ,
CRSλ = i CScSb = −
9H4
(u1 − 9H2φ1e−3Ht)2
(
H
2π
)2
+ O((kη)2) . (81)
We can obtain the relation C
δ˜φδλ
= i Cδcδb as a result of the WT identity for the
linear perturbations and the free vacuum
0 =
〈
0|[iQDB , uφ(x, η)ub(y, η)]|0
〉
= 〈0|[iδQB, uφ(x, η)ub(y, η)]|0〉
= 〈0|uc(x, η)ub(y, η)|0〉+ i 〈0|uφ(x, η)uλ(y, η)]|0〉 ,
〈0|uφ(x, η)uλ(y, η)]|0〉 = i 〈0|uc(x, η)ub(y, η)|0〉 , (82)
where we used the relations (58) for the second equality.
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We obtained nonzero two point functions of the scalar perturbations although
the classical system without the BRS sector has no dynamical scalar mode. We
can treat the BRS sector as multi scalar fields on the dS spacetime and obtain the
two point functions among them as in the multi-field inflation models.28–32 The
power spectrum PR sourced by the isocurvature perturbation Sλ grows on super
horizon scales and diverges in the infrared limit k = 0 when φ1 6= 0. However, this
does not imply that we can not add the BRS sector. All of the two point functions
we derived are not BRS-invariant, and thus they are never observed even if they
diverge. Instead, they give a new description for the quantum field theory in dS
spacetime. When considering the perturbation theory of the physical sector like
graviton, the BRS sector can contribute to the loop integrals. It would give a new
interpretation to the physical quantities in dS spacetime e. Deriving the two point
functions of the BRS sector, we constructed a basis of the perturbation theory with
the BRS sector in dS spacetime obeying the in-in formalism.
6. Conclusion
We proposed the topological model with the generic potential of scalar field λ, which
was constructed by using the BRS quartet terms as gauge fixings for the Lagrangian
density Lφ = 0, with the Einstein-Hilbert term and the cosmological constant Λ.
We also discussed the perturbations around the dS background solution and the
two point correlators. After we shortly review the topological model proposed in
Ref. 17, we generalized the model so as to have the generic potential of λ, and
eliminated the cosmological constant Λ from the action by using the potential. Then,
we constructed the dS background solution with the BRS sector. We found that we
can select the dS solution without spontaneously breaking the BRS symmetry by
imposing the WT identity. The dS solution is sustained by not the cosmological
constant but the potential energy provided by the vacuum expectation value of λ.
The energy scale of dS spacetime is, however, exactly the same as the eliminated
cosmological constant. This exhibits truly that the BRS sector does not eliminate Λ
from the evolution of the universe but gives another point of view for dS spacetime,
say, a gauge fixing of dS spacetime. In the model, the fine-tuning problems of the
cosmological constant is replaced to the fine-tuning for the renormalization of the
vacuum expectation value of λ. Although one of the BRS sector, φ, also has a
nonzero background value, it can not be observed since it does not concern with
the background evolution of the universe as long as the WT identity is hold. We
studied the stability of the dS solution and confirmed that the solution is stable.
We studied the BRS symmetry for the perturbations around the dS background.
We have the same BRS symmetry as the original one for the perturbations around
the dS background before solving the gravitational constraints since we take the
eThere is a work to solve the infrared divergence in the two point function of a scalar field on S4
by adding a BRS sector.33
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background without the spontaneous symmetry breaking. The BRS symmetry for
the perturbations will be preserved even if we deal with the constraints by adding
other BRS quartet terms for the gravitational sector. Based on the argument that
the BRS symmetry should not be affected by how the constraints are dealt with, we
naturally assume that we have the BRS symmetry even if we solve the constraints
directly. Under this assumption, we will have the BRS charge QDB . Defining the
physical states as annihilated by QDB , we could eliminate the negative norm states
by Kugo-Ojima’s quartet mechanism and safely construct the perturbation theory
around the dS background. We confirmed that at least for the linear perturbations,
we have the BRS symmetry even after solving the constraints directly.
Using the BRS quartet terms, we constructed the cosmological perturbation
theory around the dS background. Following the usual procedure, we quantized the
linear perturbations and calculated the two point functions of the gauge invariant
curvature perturbation and the isocurvature perturbations due to the BRS sector.
Although we have no dynamical scalar mode in the classical theory without the BRS
sector, we obtained the power spectrum of the curvature perturbation and the cross
correlations of the curvature perturbation and the isocurvature perturbation, but we
have no power spectrum for the isocurvature perturbations. The power spectrum
of curvature perturbation sourced by one of the isocurvature perturbations can
grow even on super horizon scales and diverge in the infrared limit when one of
the initial condition is satisfied with φ1 6= 0. This, however, does not imply that
we can not define the perturbation theory if we add the BRS sector. We do never
observe the nonzero two point functions since all of them are not BRS-invariant.
Nevertheless, it would be worth to consider the BRS sector since it would give a
new description for the quantum field theory in dS spacetime. When considering
the perturbation theory, the BRS sector contributes to the loop integrals of the
physical sector such as graviton. It would give a new interpretation to the physical
quantities in dS spacetime. In this work, deriving the dS solution and the two point
functions of the BRS sector, we give a basis for a new description of dS spacetime
and the perturbation theory with the BRS sector in dS spacetime. We believe that
this would be important for the better understanding of the quantum field theory
in dS spacetime and deserve further investigation.
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Appendix A. Proof of the relations (58)
The BRS transformations by QDB for the linear perturbations are
[iQDB , uα(x)} = δΦα(x), α = (φ, I) , (A.1)
where [, } acts as the commutator for Grassmann even quantities and as the anti-
commutator for Grassmann odd quantities, δΦα is the variation of the linear per-
turbations uα. uα(x) satisfy the equations of motion (59) and (60), so for uI(x), we
get
[iQDB , ηuI(x)} = ηδΦI(x) = 0, η ≡ ∂2η − ∂2x +
a′′
a
,
δΦI = aIJuJ , (A.2)
where aIJ is a constant matrix. Then, we obtain
[iQDB , uI(x)} = aIJuJ(x) . (A.3)
As for uφ(x), we get
[iQDB , ηuφ(x)] =
[
iQDB , −ruλ(x)
]
= −raλJuJ = ηδΦφ(x) ,
δΦφ = aαuα , (A.4)
where we used (A.3) for the second equality and aα is a constant vector. Then, we
obtain
[iQDB , uφ(x)] = aαuα(x) . (A.5)
The BRS charge QDB should be expanded as
QDB = δQB + · · · , (A.6)
where the ellipsis denotes the third and higher order terms of the perturbations.
Only the lowest order term δQB can generate the linear perturbations on the right
hand sides of (A.3) and (A.5). Therefore, we obtain
[iQDB , uα(x)} = [iδQB, uα(x)} , (A.7)
and the relations (58) are proved.
